ABSTRACT Since indoor visible light communication (VLC) modulates the information into the light beams emitted from light-emitting diodes, the channel gain is often modeled as the Lambertian model. For different spatial locations of transmitters and receivers, the channel gain for VLC directly changes with several related geometrical parameters. The distinct geometrical feature makes the ergodic capacity of indoor VLC different from that of radio-frequency communication. However, the issue has not been studied currently. In this paper, we propose the lower bounds on the point-to-point capacity, which have simple expressions with respect to the geometrical parameters. Then, by analyzing indoor human mobility, two typical distributions of the geometrical parameters are considered. Correspondingly, we derive the lower bounds on the ergodic capacity, which are related to the variables of the geometrical feature and the distribution model. Furthermore, simulation results show that our lower bounds on the ergodic capacity are effective to reveal the geometrical feature of indoor VLC systems. Moreover, our proposed lower bounds are tight to the numerical upper bounds at high optical signal-to-noise rates, which are the main application zones of indoor VLC systems.
I. INTRODUCTION
In recent years, optical wireless communication (OWC) is anticipated to be an essential alternative for future indoor wireless connections with high throughput [1] . Indoor OWC includes two main technologies: infra-red communication and visible light communication (VLC). To avoid damage to human eyes, the transmission power in infra-red communication has been limited strictly to a very low level, which results in very short transmission distances for high-data-rate transmissions [1] , [2] . Meanwhile, with the widespread deployment of light-emitting diodes (LEDs) for energy conservation in practical illumination, VLC has attracted considerable attention [1] , [3] , [4] . Due to the combination of illumination and communication, VLC is now regarded as one of the most important green communication technologies [5] .
Despite that many studies have been performed on VLC, there is a lack of studies on the channel capacity. Indoor VLC systems often employ intensity modulation with direct detection (IM/DD), which modulate the input into the light beams emitted from LEDs [6] , [10] . There exist two main differences in the channel capacity between VLC and radiofrequency (RF) communication. Firstly, for VLC, the optical intensity signals are restricted to be a nonnegative real variable and should be less than a safety level to meet the eyesagety standard [6] , [10] . So, the capacity-achieving input distribution does not necessarily follow Gaussian distribution [11] , making the common Shannon formula in RF communication not suitable for VLC. Secondly, by contrast to the log-normal or Gaussian distribution, the channel gain for indoor VLC is often modeled as the Lambertian model [6] . With the information modulated into the light beams, indoor VLC channel is time-invariant, and directly changes with several geometrical parameters, regarding the spatial locations of transmitters and receivers [7] - [9] . Therefore, the distinct geometrical feature makes the ergodic capacity of indoor VLC different from that of RF communication.
The current work for OWC systems mainly focus on the point-to-point (P2P) capacity with several constraints. In one way, some studies mainly considered the constraints of the nonnegative signals and limited optical intensity. In [11] , the upper and lower bounds on the P2P capacity were derived with the additive Gaussian channel, while [12] investigated that using a discrete Gaussian distribution. With a recursive method, [13] gave a tighter upper bound on the P2P capacity for OWC. In [14] , an ''improved'' model between the additive Gaussian channel and the Poisson channel for OWC was utilized to derive the P2P capacity bounds. Based on the studies above, [15] analyzed the capacity for parallel IM-DD optical wireless channels. In another way, some studies considered the practical dimmable requirements for VLC. [16] , [17] derived the P2P capacity bounds for dimmable VLC by introducing a dimmable parameter into the constraints. [18] proposed a simpler-expression upper bound on the P2P capacity of indoor VLC with an approximation method. [19] analyzed the capacity limits of parallel optical wireless channels based on the results in [11] . [20] investigated the performance and design of free-space optical (FSO) communication links over slow fading channels and derived the expressions for the outage probability for a variety of atmospheric conditions. [21] derived the outage probability under FSO communications impaired by atmospheric and misalignment fading. [22] investigated the outage performance of free-space optical mesh networks, which built upon the combination of serial (multi-hop) and parallel relaying. [23] derived the capacity of the IM/DD optical broadcast channel (OBC) under both average and peak intensity constraints.
From the above, we can summarize two observations as follows:.
• In contrast to the existing works, the channel gain for indoor VLC is often assumed as the Lambertian model, which is time-invariant and changes over the spatiallygeometrical locations. Therefore, the ergodic capacity of indoor VLC is different from that of RF communication.
However, this has not been studied currently.
• Based on Shannon capacity [29] , the ergodic capacity of VLC should be derived from P2P capacity with respect to the geometrical parameters. However, as for the existing P2P capacity bounds, they have the relatively complicated relation with the channel gain, while the channel gain also has relations with several geometrical parameters. Therefore, it is challenging to obtain the ergodic capacity based on the existing bounds above. Inspired by the above-mentioned factors, we study the lower bounds on the ergodic capacity for indoor VLC as an exploration. In essence, the difference from the existing works lies in the ergodicity. For the time-invariant VLC channels, we derive the ergodic capacity over the communication region in the spatial domain instead of the time domain. In this paper, we will firstly propose a general approximation method to derive the lower bounds on the P2P capacity, which have simple expressions with respect to the geometrical parameters. Then, by analyzing indoor human mobility, two typical distributions of the geometrical parameters will be considered. Correspondingly, we will derive the lower bounds on ergodic capacity, which are related to the variables of the geometrical feature and the distribution model. Finally, simulations will show that our lower bounds on ergodic capacity effectively reveal the geometrical feature of indoor VLC systems. Moreover, they are tight at high optical signalto-noise rates (OSNRs). For conciseness, we summarize the key notations throughout the paper in the following Table 1 . 
II. SYSTEM MODEL
In this paper, let us consider a typical indoor VLC system with a LED as the transmitter and a photo-detector as the receiver, as shown in Fig. 1 .
The received signal Y 1 is given by
where N ∼ N R (0, σ 2 ) denotes the additive Gaussian noise. Although multipath effect is often considered for RF channel [25] , [26] , a typical indoor point-to-point channel is often assumed to have a line-of-sight (LOS) path. The channel gain h is determined by the Lambertian model [6] , [10] as
with φ being the angle of emergence with respect to the transmitter axis and ψ being the angle of incidence with respect to the receiver axis. For VLC, the input X , the optical average power ε and peak power A should be constrained as
The optical average-to-peak power ratio (APPR) is denoted as α ε A , 0 < α ≤ 1. Then, our channel conditional probability density function (PDF) is given by
Without loss of generality, let φ = ψ and thus cos(φ) = cos(ψ) = l D . Then, (2) can be rewritten as
For a given scenario, with S r , m being constant, h is decided by l and d, related to the mobility situation of the receiver. The maximum value of d is M = l · tan 1 2 , which is the radius of illumination region R. In this paper, we mainly focus on the distribution of d with the given l, where
III. LOWER BOUNDS ON CHANNEL CAPACITY A. LOWER BOUNDS ON POINT-TO-POINT CAPACITY
Based on the definition of capacity [29] , a lower bound can be found by choosing a specific input distribution T (·), i.e.,
where I (T , W ) stands for the mutual information between the input X and the output Y of a channel with W (·|·) when the input has the distribution T (·), i.e., I (T , W ) I (X ; Y ). Next, we propose a general approximation bound of h(Y ) related to h in Lemma 1. The proof is given in Appendix V-A. Lemma 1: Let Y be the output with an input X ∈ R + 0 of a channel defined by (1) . Let us assume some distribution T (·) on X with a finite positive mean ε. Then, we have
where f (ε) = ln 1 − 2Q hε σ . Different α has different impact on the capacity. In [11] , the related result holds true for all values of A and ε, as follows.
• Case I: α ∈ (0, 1 2 ). Both an average-and a peak-power constraint are imposed.
• Case II:
. Both an average-and a peak-power constraint are imposed but α has no impact on the high OSNRs capacity. It also includes the situation with only a peak-power constraint α = 1.
• Case III: α 1. It corresponds to only an averagepower constraint. Next, we give the lower bounds on the P2P capacity in Theorem 1, the proof of which is given in Appendix V-B.
Theorem 1: The P2P channel capacity for indoor VLC is related to d. For Case I, the lower bound is
where µ * is the unique solution to
For Case II, the lower bound is
For Case III, the lower bound is
Remark 1: In Theorem 1, for α → 1 2 , the solution µ * to (11) tends to zero and then the result (12) for Case II coincides with (10) for Case I. For α 1, we have αµ * → 1, µ * → ∞ and then the result (13) for Case III coincides with (10) for Case I. In other words, (12) and (13) are the limiting cases of (10). VOLUME 5, 2017
B. LOWER BOUNDS ON ERGODIC CAPACITY
Combining Theorem 1 and the information theory in [29] , the ergodic capacityC i for Case i ∈ {I, II, III} is obtained bȳ
The term p(x, y) is the PDF of d(x, y) which represents the indoor human mobility. Due to that our human mobility varies from person to person,C i is various. Here we mainly consider two typical mobility patterns as follows 2 :
• Pattern of random walk. When we walk in the room, the motion tends to be random and steady. Typically, let us model p(x, y) as the uniform distribution, i.e.,
which is the basis of the other random-walk scenarios.
For the practical random walk, although our mobility may not be the whole region R, there only exists a change of the integration region in (14) . We can easily derive the corresponding ergodic capacity with the same manner as the case of (15).
• Pattern of main spot. In libraries, cafes, offices and so on, we tend to sit at one or several relatively-fixed spots, such as desk and sofa. That is to say, the possibility of sitting at the main spots tends to be much bigger than the surrounding regions. Typically, let us model p(x, y) as the 2-dimension Gaussian distribution, i.e.,
By adjusting σ 1 , σ 2 , u 1 and u 2 , the model maps to specific human mobility. Here, we study a scenario of one LED and one main spot which is the basis of the other scenarios. Additionally, in the practical furniture layout, the LED is often installed above the main spot. So, let the center of p(x, y) lies in the center of R, i.e., u 1 = u 2 = 0, σ 1 = σ 2 = 0. Next, the results for ergodic capacity are given in the following Theorem 2, the proof of which is given in Appendix C. 2 As a whole, although human mobility is various, there exist some regular principles. We consider two typical mobility patterns which are the basis of most practical scenarios.
In Theorem 2, (17)- (19) , as shown at the bottom of this page, where T = m+3 2 and ζ is decided by the cross point of (50) and (51).
Theorem 2: The ergodic capacity for indoor VLC is related to p(x, y). For conciseness, let F =
For Case i ∈ {II, III},
where g(M , l) is given in (17) at the bottom of the page.
2) When p(x, y) =
1 . For Case I,C I is lowerbounded as
For Case i ∈ {II, III},C i is lower-bounded as
Among them,
where r 1 (σ 1 , M , l) and r 2 (σ 1 , M , l) are given in (18), (19) at the bottom of the page. 
IV. SIMULATION RESULTS
In this section, we analyze the tightness and the geometrical properties of our P2P capacity and ergodic capacity bounds. In (1), we consider l = 2.5m, c = 45 • as our simulation environment. The OSNR is defined as A σ . Due to that typical indoor illumination levels can offer at least 40dB OSNR at
836 VOLUME 5, 2017 the receiver [6] , meaning that high OSNRs are the practical application zone. Here, we studied the lower bounds on ergodic capacity. Among the current studies, the upper bounds on P2P capacity in [11] have the superiority at high OSNRs. Therefore, we will use the results in [11] to verify the tightness of our P2P lower bounds. And, the upper bounds on ergodic capacity by numerical integration from [11] are utilized to verify the tightness of our lower bounds on ergodic capacity. Note that within the following figures, the notations of U-B, L-B denote the upper bounds and lower bounds, while the terms {I, II, III} map the corresponding Case. For the better display in Fig. 5 , we use the term σ 1 to show the parameter σ 1 in Theorem 2. Fig. 2 shows the P2P capacity bounds of Case II in Theorem 1 over the OSNR under d = 0m, 2m and 1m. The gaps between the lower bounds and upper bounds at an OSNR of 40dB under 0m, 2m are 0.019nats and 0.05nats, respectively. We can observe that the P2P capacity bounds are related to the geometrical parameter d. Fig. 3 plots the P2P capacity bounds in Theorem 1 over the OSNR under d = 0m, 2m, 1m for Case I, Case II and Case III, respectively. The bounds change over different d, which show the geometrical feature of indoor VLC. Taking Case II for example, with d = 2m, the gap between the lower and upper bounds at an OSNR of 40dB is 0.06nats. It means that the gaps at high OSNRs are narrow, showing the tightness of lower bounds on the P2P channel capacity. Fig. 4 shows the ergodic capacity bounds in Theorem 2 under d = 1.6m, 1.7m and 2.0m, with d yielding to the uniform distribution over R. The ergodic capacity decreases with the rise of the geometrical variable M , which reflects on the intercept instead of the slope. The principle is consistent with the expressions in Theorem 2. As shown in Fig. 4 , with M = 2m, the gap between the lower and upper bounds for Case III at an OSNR of 40dB is 0.024nats, showing the tightness of our lower bounds. Fig. 5 shows the ergodic capacity bounds in Theorem 2 with d yielding to the Gaussian distribution R. Different with Fig. 4 , the ergodic capacity changes over the geometrical variable M and the distribution parameter σ 1 . With the given M , the larger possibility of locating into the central region, the higher erogdic capacity. Moreover, we can observe that the geometrical property reflects on both the intercept and the slope of simulation cures. The principles are consistent with the expressions in Theorem 2. In addition, as shown in Fig. 5 , with M = 1.6 and σ 1 = 1, the gap between the lower and upper bounds for Case III at an OSNR of 40dB is 0.024nats, showing the tightness of our lower bounds. 
V. CONCLUSION
For indoor VLC systems, the information is modulated into the light beams. The optical intensity signals are restricted to be nonnegative, and thus the capacity-achieving input distribution does not necessarily follow Gaussian distribution, making the common Shannon formula in RF communication not suitable for VLC. Furthermore, the channel gain determined by the light beams is often modeled as the Lambertian model, which is time-invariant and directly changess with the geometrical locations of transmitters and receivers. Therefore, the distinct geometrical feature makes the ergodic capacity of indoor VLC different from that of RF communication, whereas it has not been studied currently. In this paper, our work can be summarized into two aspects. In one way, we first proposed the lower bounds on the point-to-point capacity, which had simple relations with the geometrical parameters. In another way, as for indoor VLC channel, we derive the ergodic capacity over the communication region in the spatial domain, different from the existing work in the time domain. To be more specific, by analyzing indoor human mobility, two typical distributions of the geometrical parameters were considered. Correspondingly, we derived the lower bounds on the ergodic capacity, which were related to the variables of the geometrical property and the distribution model. Simulation results show that our lower bounds are effective to reveal its geometrical feature. Moreover, they are tight at high OSNRs.
According to the optical average power constraint, we have a distribution T (·) on the input X with a finite mean. Let T u (·) be an uniform distribution with
where
Using the substitution w y−hx σ , we get (27) from (26) . Due to Y ∼ N R (hx, σ 2 ), we have w ∼ N R (0, 1) and
Then, we obtain (28) from (27) . Further, by the data processing theorem for relative entropy [30], we can obtain
where (TW )(·) denotes the channel output distribution with an input distribution T (·). By the definition of the relative entropy [29] , the left-hand side of (31) could be evaluated by
With (28), the right-hand side of (31) could be rewritten as
Moreover, let us differentiate
with respect to ε. Then,
and g (
It means that g(ξ ) is concave for all ξ ∈ [0, γ ] and achieves its maximum value at ξ = γ 2 . Then, (33) can be rewritten as
Combining (31), (32) with (36) yields Theorem 1.
B. PROOF OF THEOREM 1
Combing (8) with Theorem 1, we have
By the definition of differential entropy [29] and (5), we attain
The derivation of lower bounds is transformed to choose T (x) to maximize h(X ) subject to (3). This can be solved by applying the maximum entropy theory [29] as
subject to
T (x)dx = 1, and
This optimization problem can be solved by applying the Lagrange multipliers. Due to that the method has been applied by [11] , [25] , [26] , we directly give the solutions to (39). For Case I of α ∈ (0, 1 2 ), the optimal solution can be expressed as 
For Case II, ν = 
For Case III, ν = ε and
Finally, substituting the corresponding h(X ) and (38) into (37), we can obtain Theorem 1.
C. PROOF OF THEOREM 2
Note that parameters below are shown in Fig. 1 σ . Combining Theorem 1 and the information theory in [29] , the ergodic channel capacity for VLC is obtained bȳ 
With the polar coordinate ρ 2 = x 2 + y 2 ,
2) When p(x, y) = 
Denote the first term as w 1 and the second term as w 2 . Using the polar coordinate ρ 2 = x 2 + y 2 , we have
We transform the term ln(1 + 
